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Starting point: The conservation laws

∂µN
µ

= 0 charge conservation

∂µT
µν

= 0 energy -m om entu m conservation

∂µS
µ

≥ 0 2
nd law of therm od ynam ics
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Ideal fluid decomposition

Ideal fluid dynamics ⇐⇒ local thermal equilibrium f(x, p) = feq(x, p)
⇐⇒ collision time scale ¿ macroscopic time scales ⇐⇒ stro ng co up ling

Nµ =
1

(2π)3

∫
d3p

E
pµf(x, p) = nuµ n = (n et) charg e d en sity

T µν =
1

(2π)3

∫
d3p

E
pµpνf(x, p) e = en erg y d en sity

= (e + p)uµuν
− p gµν p = pressure

= e uµuν
− p∆µν ∆µν = gµν

− uµuν

Sµ = s uµ s = en tropy d en sity

F irst law of thermod yn amics: Ts = p − µn + e

∂µNµ = ∂µT µν = 0 =⇒ ∂µSµ = 0

(in absen ce of shock d iscon tin uities, en tropy is con serv ed )
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Ideal fluid equations (in comoving frame)

Convective and transverse derivative: ∂µ = uµD + ∇
µ

D ≡ uν∂ν, ∇
µ
≡ ∆µν∂ν

ṅ = −n θ

ė = −(e + p) θ

u̇µ =
∇

µp

e + p
=

c2

s

1 + c2
s

∇
µe

e

p = p(n, e)

ḟ = uµ∂µf ≡ Df = tim e derivative in

local rest fram e

θ ≡ ∂ · u = local ex p ansion rate

c2

s
(T ) =

∂p

∂e
= (sp eed of sou nd)2

eq u ation of state (E O S )

6 eq u ations for 6 u nk now ns: n, e, p, uµ
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Non-ideal fluid decomposition

f(x, p) = feq(x, p) + δf(x, p)

Nµ = nuµ + V µ

= Nµ
eq + δNµ

T µν = e uµuν
− p∆µν

−Π∆µν + πµν

+W µuν+W νuµ

= T µν
eq + δT µν

Sµ = s uµ + Φµ

= Sµ
eq + δSµ

n= uµNµ

V µ = ∆µνNν = charge flow in l.r.f.

e = uµT µνuν

Π= −
1
3
∆µνT

µν
− p = v iscou s b u lk pressu re

W µ= uνTνλ∆λµ = energy flow in l.r.f.

= qµ + e+p
n

V µ qµ = heat flow in l.r.f.

πµν= T 〈µν〉

≡

[

1
2
(∆µσ∆ντ+∆µτ∆νσ) − 1

3
∆µν∆τσ

]

Tτσ

= v iscou s shear pressu re tensor (πµ
µ=0 )

s= uµSµ

Φµ= ∆µνSν = entropy flow in l.r.f.
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Frame choice and matching conditions

The local equilibrium distribution feq(x, p) (w ith local temperature T (x) and chemical
potential µ(x)) that best matches the non-equilibrium f(x, p) is defi ned by the matching
conditions

uµ δT µν uν = uµ δNµ = 0

L ocal rest frame is ambig uous:

E ckart frame: uµ = Nµ
√

N ·N
: V µ = 0, qµ = W µ

L andau frame: uµ = T µνuν√
uαT αβTβγuγ

: W µ = 0, qµ = −e+p

n
V µ

(Intermediate frames also possible.)

=⇒ N eed 1 + 3 + 5 = 9 additional equations for Π, qµ, πµν from underlying
transport theory.
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Non-ideal fluid equations

ṅ = −n θ −∇ · V + V · u̇

ė = −(e + p + Π) θ + πµνσ
µν

−∇ · W + 2 W · u̇

(e+p+Π) u̇µ = ∇
µ(p + Π) − ∆µν

∇
σπνσ + πµνu̇ν

−[∆µνẆν + W µθ + (W · ∇)uµ]

Here σµν ≡ ∇〈µuν〉 is th e v eloc ity sh ear ten sor.

D epen d in g on fram e, can set eith er V µ = 0 or W µ = 0. In L an d au fram e (W µ =0) an d
for baryon -free system s (n=0, n o h eat con d u c tion ) eq u ation s sim plify to:

ė = −(e + p + Π) θ + πµνσ
µν

(e+p+Π) u̇µ = ∇
µ(p + Π) − ∆µν

∇
σπνσ + πµνu̇ν

N eed 6 ex tra eq u ation s for bu lk an d sh ear v iscou s pressu res Π, πµν =⇒ d iff eren t path s
(N av ier-S tok es, Israel-S tewart, Ö ttin g er-G rm ela, B R S S S , . . . )

Here we follow C h apm an -E n skog strateg y: write f(x, p) = feq

(

p·u(x);T (x), µ(x)
)

+
δf(x, p) an d assu m e th at δf ¿ f (an d th u s δNµ an d δT µν) can be expan d ed in g rad ien ts
of eq u ilibriu m param eters T, µ, uµ.
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The second law of thermodynamics (I)

In equilibrium the identity Ts = p − µn + e c a n be rew ritten a s

Sµ

eq
= p(α, β)βµ

− αNµ

eq
+ βνT µν

eq

w here α ≡ µ/ T , β ≡ 1/ T , a nd βµ
≡ uµ/ T .

T he most g enera l off -equilibrium g enera liz a tion is (Israel & Stewart 1979)

Sµ = p(α, β)βµ
− αNµ + βνT µν + Qµ(δNµ, δT µν)

w here Qµ is second a nd hig her order in the off -equilibrium dev ia tions δNµ a nd δT µν.

T he G ibbs-D uhem rela tion d p = s d T + n d µ c a n be rec a st a s

∂µ(p(α, β)βµ) = Nµ

eq
∂µα − T µν

eq
∂µβν

U sing a lso the conserv a tion la w s, the entropy production ra te ta k es the form

∂µSµ = −δNµ∂µα + δT µν∂µβν + ∂µQµ
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The second law of thermodynamics (II)

In the C ha pm a n-E nskog spirit, one now postu la tes linea r rela tions between the off -eq u ilibriu m fl ows

δNµ, δT µν a nd the therm od yna m ic forces ∂µα , ∂(µβν), consistent with the second law

∂µSµ
= −δNµ∂µα + δT µν∂µβν + ∂µQµ

≥ 0

T hese rela tions d epend on the choice of Qµ. S ta nd a rd d issipa tiv e rela tiv istic fl u id d yna m ic s a ssu m es

Qµ
= 0. In this c a se

T∂µSµ
= ΠX − qµXµ + πµνX〈µν〉 ≡

Π2

ζ
−

qµqµ

2λT
+

πα β πα β

2η
≥ 0,

with therm od yna m ic forces X ≡ −∇ · u = −θ, Xµ ≡ ∇µT
T

− u̇µ
= − n T

e+p
∇µ

`

µ

T

´

a nd X〈µν〉 ≡ σµν = ∇〈µuν〉,

c a n be sa tisfi ed by setting

Π = −ζθ, qµ
= −λn T 2

e+p
∇µ

(

µ
T

)

, πµν = 2ησµν

with positiv e tra nsport coeffi cents ζ ≥ 0, λ ≥ 0, a nd η ≥ 0 (rela tiv istic N a v ier-S tok es theory) .

U nfortu na tely, plu g g ing these eq u a tions for Π, qµ, a nd πµν d irec tly into the non-id ea l hyd ro eq u a tions

lea d s to a c a u sa l sig na l propa g a tion.
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The second law of thermodynamics (III)

Causal relativ istic fl uid d yn am ic s req uires keep in g Qµ in th e en trop y fl ux , at least up to term s of secon d

ord er in th e irrev ersible fl ows.

S
µ

= s u
µ

+
qµ

T
+ Q

µ

S ettin g qν = 0 (n = 0) for sim p lic ity, we g et up to secon d ord er

S
µ

= s u
µ
− (β0Π

2
+ β2πνλπ

νλ
)
uµ

2T

T h is yield s (after som e alg ebra)

T∂µS
µ = Π

»

−θ − β0Π̇ − Π T∂µ

„

β0u
µ

2T

«–

+ π
α β

»

σα β − β2π̇α β − πα β T∂µ

„

β2u
µ

2T

«–

!

=

Π2

ζ
+

πα β πα β

2η
≥ 0

T h e th erm od yn am ic forces −θ, σα β are seen to be self-con sisten tly m od ifi ed by th e irrev ersible fl ows

Π, πα β . T h is lead s to d yn am ical (“ tran sp ort” ) eq uation s for Π, πα β .
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Transport equations for the irreversible flows
The resulting transport equations for Π, παβ are (Israel & Stewart 1979, Muronga 2002, 2004)

Π̇ = −

1

τΠ

[

Π + ζθ + ΠζT∂µ

(

τΠuµ

2ζT

)]

= −

1

τ ′

Π

[Π + ζ ′θ]

∆αµ∆βνπ̇µν = −

1

τπ

[

παβ − 2ησαβ + παβηT∂µ

(

τπuµ

2ηT

)]

+ term s that d on’t generate entropy

= −

1

τ ′

π

[παβ − 2η′σαβ] + . . .

Here we introduced the relaxation tim es τΠ = ζβ0, τπ = 2ηβ2, and τ ′

Π
=

τΠ
1 + ζγΠ

, ζ′
=

ζ

1 + ηγΠ
,

τ ′

π =
τπ

1 + ηγπ
, η′

=
η

1 + ηγπ
, where γΠ ≡ T∂µ

“

τΠuµ

2ζT

”

and γπ ≡ T∂µ

“

τπuµ

2ηT

”

.

(UH, Song, Chaudhuri 2006)

ζ, η and τΠ, τπ should be calculated from the underlying m icroscopic theory. T his has been done by K S S

and B R S S S for infi nitely strong ly coupled S Y M theory, and by A M Y and Y M for weak ly coupled Q C D in

B oltzm ann transport theory (see below).

T he purple term s k ick in wherev er the expansion rate g ets larg e and then eff ectiv ely reduce the v iscosities

and relaxation tim es. – T he v iscous pressures Π, πµν relax exponentially towards their (fl ow-m odifi ed)

N av ier-S tok es lim its on (fl ow-m odifi ed) m icroscopic relaxation tim e scales τ ′

Π
, τ ′

π.
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More second-order terms . . .

Analyzing the second law of thermodynamics misses second-order terms that don’t
contribute to 2nd order entropy production but may still affect the evolution of flow.

For systems with conformal symmetry (Π=0) and vanishing chemical potentials (qµ=0)
B R S S S (Baier, Romatschke, Son, Starinets, Stephanov, JHEP 04 (2006) 100) found 5 possible second-order
terms:

πµν = 2ησµν
− τπ

[

∆µα∆νβπ̇αβ +
4

3
θπµν

]

−
λ1

2η2
π〈µ

απν〉α
−

λ2

2η
π〈µ

αων〉α

−
λ3

2
ω〈µ

αων〉α +
κ

2

[

R〈µν〉 + 2uαRα〈µν〉βuβ

]

where ωµν = 1

2
(∇µuν − ∇νuµ) is the vorticity and Rαµνβ, Rµν are the R iemann and

R icci tensors, respectively.

N ow we have 5 second order coeffi cients τπ, λ1, λ2, λ3, κ, in addition to η.

B etz, H enkel and R ischke (arX iv:08 12.1440 [nu cl-th]) generalized this to include heat conduction
and bulk viscosity =⇒ even more coeffi cients . . .
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Weak and strong coupling limits of shear viscosity and
second order coefficients
(zero masses and chemical potentials)

R atio pQ C D (Nf = 3) (AMY ’00,’03; YM ’08) S Y M (PS S ’01 ; K S S ’05 ; B R S S S ’08)

η
s

46.1
N2

c
g4 ln (4.17 / g

√

Nc)
≈ 1.7 (g = 2) 1

4π ≈ 0.08

(e+p)τπ

η 5 to 5.9 4 − 2 ln 2 ≈ 2.6 137

(e+p)λ1

η2 5.2 to 4.1 2

(e+p)λ2

η2 −2η(e+p)τπ

η = −10 to − 11.8 −4 ln 2 ≈ −2.7726

(e+p)λ3

η2 0 0

(e+p)κ
η2 0 4

AMY = Arn old / Moore / Ya ff e ; YM = York & Moore ; PS S = Polic a stro/ S on / S ta rin e ts; K S S = K ov tu n / S on / S ta rin e ts; B R S S S =

B a ie r/ R om a tsc h k e / S on / S ta rin e ts/ S te p h a n ov

Fortu nately, terms ∼ λ1,2,3 appear to be nu merically u nimportant for hydro evolu tion.
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1. Formalism

2. N u me rical imp leme n tation

an d re su lts
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Successes of hydrodynamics at RHIC:

Single particle spectra from central and peripheral

Au+Au @ 130A GeV (STAR, PHENIX):
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M odel parameters fi x ed with π, p̄ spectra at b = 0;

all other spectra predicted (UH&P.Kolb, hep-ph/0204061).

C entrality and momentum

dependence of elliptic fl ow v2

(STAR, PHENIX, PHO B O S):
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What is fitted, what is predicted?

Au+Au @ 130 A GeV:

τeq = 0.6 fm/c, emax(b=0) = 24.6GeV/fm3, 〈e〉(τ=1 fm / c) = 5.4GeV/fm3

Tmax(b=0) = 3 40 M eV, Tchem = Thad = 165 M eV, Td ec = 13 0 M eV

All fi t p aram eters are fi x ed in cen tral (b=0) c o llisio n s:

• Gla u b er mo d el ⇒ sh a pe o f in itia l tra n sv erse en tro py a n d b a ryo n d en sity pro fi les s(r, τeq), nB(r, τeq)

⇒ free pa rameters s0(τeq), n0(τeq), so ft/h a rd fra c tio n

• M ea su red p/ π ra tio ⇒ fi x es n0/ s0

• To ta l c h a rg ed mu ltiplic ity d N ch/ d y ⇒ fi x es pro d u c t τeq · s0(τeq)

• so ft/h a rd fra c tio n ⇒ fi x ed th ro u g h cen tra lity d epen d en ce o f d N ch/ d y

• S h a pe o f π, p spec tra ⇒ fi x es d ec o u plin g tempera tu re Td ec a n d ra d ia l fl ow 〈v⊥〉

• F in a l ra d ia l fl ow 〈v⊥〉 ⇒ “ fi x es” τeq [u pper limit] (fl ow n eed s time a n d pressu re to d ev elo p)

• E q u a tio n o f S ta te ⇒ c o mpu te e0 = emax(b=0), Tmax(b=0) fro m s0, n0

P red ic tio n s (n o ad d itio n al p aram eters!):

• A ll h a d ro n spec tra o th er th a n p, π in b=0 c o llisio n s

• A ll h a d ro n spec tra a n d elliptic fl ow co effi c ien ts fo r n o n -cen tra l c o llisio n s a t a n y impa c t pa rameter

Final radial flow 〈v⊥〉 > 0.5 c =⇒ b ang !
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Perfect fluidity:
magnitude and mass dependence of elliptic flow

STAR Coll., PRL 87, 182301 (2001) and PRL 92, 052302 (2004); PHENIX Coll., PRL 91, 182301 (2003)

2
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pp+
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π
K
p
Λ

Data follow the hydrodynamically predicted rest mass dependence of v2(p⊥) out to p⊥ ∼ 1.5GeV

for mesons and out to p⊥ ∼ 2.3GeV for baryons

=⇒ bulk of matter (> 9 9 % of all particles) behaves hydrodynamically!

Ulrich Heinz Berkeley School 2010 17(42)



Perfect fluidity: mT -scaling of elliptic flow at low pT

PHENIX Coll., PRL 98, 162301 (2007)

RHIC Energies

(GeV/c)Tp
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0K
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KET ≡ mT − m0 = transverse kinetic energy

mT -scaling = evidence for thermalization (almost too good . . . !)
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so hydro works –

why? what does this mean?
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Elliptic collective flow of strongly coupled atoms at
T =10

−6 K:

J.E.Thomas et al., Am. Scientist 92 (2004) 238

Interaction strength can be tuned (Feshbach resonance):
S trong interaction: ellip tic collectiv e fl ow
Weak interaction: ballistic ex p ansion with asp ect ratio → 1
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Success of ideal fluid dynamics

requires QGP to be strongly

coupled and almost inviscid!
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QGP – the most perfect fluid ever observed?

AdS/CFT universal lower viscosity bound conjecture: η

s
≥

h̄

4π

Kovtun, Son, Starinets, PRL 94 (2005) 111601

1 10 100 1000
T, K

0

50

100

150

200

Helium 0.1MPa
Nitrogen 10MPa

Water 100MPa

Viscosity bound

4π η
sh

U p p er lim it for Q G P viscosity from various recent estim ates are close to th is bound!

But: quantitative constraint on η/s requires viscous hydrodynamics code.
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So ideal hydro works quite well at
RHIC.

But there are also indications of
non-zero v iscosity:
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Ideal fluid dynamics breaks down at pT
>
∼

1.5 − 2GeV/c:

STAR Coll., PRL 87, 182301 (2001) and PRL 92, 052302 (2004); PHENIX Coll., PRL 91, 182301 (2003)
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• Consistent with viscous effects during early QGP stage (viscous corrections increase ∼ p
2

T
)

• Can be used to constrain QGP viscosity =⇒ viscous hydrodynamics
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Smaller, less dense collision systems: late hadronic viscosity
S. Voloshin [STAR], JPG 34 (2007) S883
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(3+1)-d hydrodynamics:
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• viscous correction to ideal hydro
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hy dro
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scales w ith 1
S

d N ch
d y

∝ sin it (“ m ultip licity scaling ” )

• ideal hydro lim it only ap p roached for ein it > 10 G eV / fm 3

Why? Late hadronic viscosity! (T eaney, S huryak 2 0 0 1 )
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At RHIC, hadronic viscosity & chemical non-equilibrium matter:
PHENIX White Paper, NPA 757 (2005) 184
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p RG EOS, Huovinen et al.
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, PHENIX sqrt(s)=200, 0-5%π
  QGP EOS+RQMD, Teaney et al.π
 QGP EOS +PCE, Hirano et al.π
 QGP EOS +PCE, Kolb et al.π
 QGP EOS, Huovinen et al.π
 RG+mixed EOS, Teaney et al.π
 RG EOS, Huovinen et al.π

 (Gev/c)Tp
0 0.5 1 1.5 2 2.5 3 3.5

dy T
N/

dp
2

)dπ
(1

/2

-310

-210

-110

1

10

=200 GeV, 0-5%NNsp PHENIX

p  QGP EOS+RQMD, Teaney et al.
(pbar/0.75) QGP EOS +PCE, Hirano et al.
(pbar/0.75) QGP EOS +PCE, Kolb et al.
p QGP EOS, Huovinen et al.
p RG+mixed EOS, Teaney et al.
p RG EOS, Huovinen et al.

All theory curves use the same hydrodynamics and EOS in QGP phase!
H ow we deal with the hadron phase makes all the diff erence . . .
T he only model that simultaneously fi ts all data is hydro+ R QM D
(Teaney & Shuryak 2001) (see also Hiran o et al. 2006 (3 D hy d ro + JAM ))
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Hadronic dissipation effects disappear at the LHC:

T. Hirano, U. Heinz, D. Kharzeev, R. Lacey, Y. Nara, Quark Matter 2008

 [GeV]NNs
10 210 310 410

ε /
2v

0
0.05

0.1
0.15

0.2
0.25

0.3
0.35
0.4

=100MeVthCGC+hydro, T
=169MeVthCGC+hydro, T

CGC+hydro+cascade

Au+Au Charged, b=6.3fm

LHCRHIC

At LHC, all momentum anisotropy is created in QGP phase
=⇒ hadronic dissipation effects become negligible
Late hadronic evolution still important for final distribution of momentum anisotropy over
particle species (e.g. pions vs. protons)
Ulrich Heinz Berkeley School 2010 27(42)



Relativistic hydrodynamics

for viscou s fl u ids

Ulrich Heinz Berkeley School 2010 28(42)



What is viscosity? 
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Qualitative effects of      &     on spectra

spectra

The same initial & final conditions:

ideal hy dr o                 v iscou s hy dr o-shear  only                  v iscou s hy dr o-b u lk  only   

S ong  & H einz , 09 09

ηηηη ζζζζ

-sh ear v isco sity : flatter spectra

-b u lk  v isco sity : steeper spectra

0,4/1 c====ππππ

1,0 c====

0,0 c====

ss // ζζζζηηηη



radial flow s p e c tra

The same initial & final conditions:

ideal hy dr o                 v iscou s hy dr o-shear  only                  v iscou s hy dr o-b u lk  only   

S ong  & H einz , 09 09

Qualitative effects of      &     on spectraηηηη ζζζζ

-s h e ar v is c os ity : flatte r s p e c tra; in c re as e s  radial flow

-b u lk  v is c os ity : s te e p e r s p e c tra; de c re as e s  radial flow

0,4/1 c====ππππ

1,0 c====

0,0 c====

ss // ζζζζηηηη



Elliptic flow v2
Song & Heinz, 0909

Qualitative effects of      &     on V2ηηηη ζζζζ

-b oth  shear &  b u lk vis cos ity  s u ppre s s  v
2

a t low p
T



Shear viscosity    & elliptic flow v2ηηηη
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Elliptic flow v2 

- v
2

ca n  b e  u s e d  to e x tra ct th e  Q G P  s h e a r vis cos ity  

- for a n  a ccu ra te  e x tra ction  of Q G P  vis cos ity , on e  n e e d s  ve ry  pre cis e  v
2

(e x pe rim e n ta l    

d a ta &  th e ore tica l re s u lts )



Viscous suppression of eccentricity-scaled elliptic flow v2/ε

(UH, Moreland, Song, arXiv:0908.2617)

Scaled elliptic flow vs. η/s
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2

SM-EOS Q

EOS I

Shear viscosity η/s suppresses
elliptic flow:

• fv2
=

“

vmb
2

/εmb

”

viscous

(vmb
2

/εmb)id e a l

(m b = m in .bias)

• in itial sou rce eccen tricity

ε = 〈〈y2−x2〉〉

〈〈y2+x2〉〉

• fK L N m odel: H.-J . D resc h er et al., P R C

74 (2006) 04 4 905

• cu rves calcu lated with VISH2+1 –

viscou s Israel-Stewart h ydro with

lon g itu din al boost-in varian ce

(H. Song 2007-2008)

• E ven sm all η/s ∼ 1/4π leads to sizeable (∼ 2 0 % ) su ppression of elliptic flow

=⇒ easily m easu rable if ideal flu id baselin e is k n own

• V iscou s su ppression of v2/ε relative to ideal h ydro is a u n iq u e fu n ction of η/s,

in depen den t of in itial sou rce eccen tricity an d ≈ in depen den t of E O S.

• But: 1 5 % u n certain ty in in itial sou rce eccen tricity u p to =⇒ O(10 0 % ) u n certain ty for η/s!

Ulrich Heinz Berkeley School 2010 29(42)
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Elliptic flow v2 

Shear viscosity    & elliptic flow v2ηηηη

- v2 ca n  b e  u s e d  to e x tra ct th e  Q G P  s h e a r vis cos ity  

- for a n  a ccu ra te  e x tra ction  of Q G P  vis cos ity , on e  n e e d s  ve ry  pre cis e  v2 (e x pe rim e n ta l 

d a ta &  th e ore tica l re s u lts ) 
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s

Elliptic flow v2

E x a m p le : If v2 is increased by 10%, 

one needs to increase         by                  

in order to describe the same exp. data     

s/ηηηη )4/(5.0 ππππ

S hear viscosity    &  elliptic flow  v2ηηηη

- v2 ca n  b e  u s e d  to e x tra ct th e  Q G P  s h e a r vis cos ity  
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Extracting       from v2 data 
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- initial conditions:

s/ηηηη

- initial e cce ntr icity   (Glauber vs. CGC ;  optical vs. fluctuating)

),,(/),,(, 000 byxsbyxeττττ

- E oS :   E O S  Q ,  E O S  L ,  E O S  L  +  ch em ical non-eq uilibrium   H R G E O S  

- tr e atm e nt of h adronic stag e  and fr e e z e -ou t p roce du r e  

- v iscositie s &  r e lax ation tim e s:

- initializ ation for  

ΠΠΠΠττττζζζζττττηηηη ππππ ,,,

ΠΠΠΠ,m nππππ



Uncertainties in the initial source eccentricity
(UH, Moreland, Song, arXiv:0908.2617)

Initial source eccentricity vs. b
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b (fm)

0

0.1

0.2

0.3

0.4

0.5

ε

fKLN
Glauber

2 4 6 8 10 12
b (fm)

1

1.2

1.4

1.6

ra
ti

o

fKLN/Glauber

ε
mb,G

ε
mb,fKLN

• C G C / fK L N m od el (D resc h er et al.) g ives larg er source eccentricity th an G laub er m od el,

b ut ex cess is strong ly centrality d ep end ent!

• M inim um b ias eccentricity 1 2 % larg er for fK L N th an G laub er

Ulrich Heinz Berkeley School 2010 30(42)



Effect of initial eccentricity on  v
2

L u z u m  &  R o m ats ch k e, P R C  2 0 0 8Glauber C GC

- Glauber vs.CGC:  ~ 2 0 -3 0 %  effec t o n  v2 ~ 1 0 0 %   un c ertain ty  o n s/ηηηη



Luzum & Romatschke, PRC 2008Glauber C GC

Effect of in itial eccen tr icity  on  v
2

?1 6.0/ <<<<sηηηη

- Effects from h ig h ly  v iscou s &  n on -ch emica l eq u ilib riu m h a d ron ic sta g e, b u lk  v iscosity  …   

N O T  so fa st !



Extracting      from v2 data 
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- initial conditions:

s/ηηηη

- initial e cce ntr icity

- E oS :

- tr e atm e nt of h adronic stag e  and fr e e z e -ou t p roce du r e : 

- v iscositie s &  r e lax ation tim e s:

- ch e m ical com p osition of H R G  

- e ffe cts of h ig h ly  v iscou s H R G   

- initializ ation for  sh e ar  and b u lk  p r e ssu r e    



Effect of HRG chemical composition on  v
2

30%

P C E  v s .C E   (H R G )

I d eal hy d r o

Partial Chemical Equilibrium (PCE)  

vs. Chemical Equilibrium (CE) 

(GeV )Tp0 1

P . Hu ov inen 07

- PCE Eo S  vs. CE Eo S   (id eal hy d ro ):  chan g es v2 by  ~ 3 0 %     



30%

P C E  v s .C E   (H R G )

G la u b e r

30%

Effects of HRG chemical composition on  v
2

I d eal hy d r o

(GeV )Tp0 1

- Constraining        requires: a  p r o p e r  d e s c r ip tio n  o f p a r tia l c h e m ic a l e q u ilib r iu m  in  H R G  s/ηηηη

C G C

P . Hu ov inen 07

L u z u m & Romatschk e 08

- P CE  E oS  v s. CE  E oS   (id eal h y d ro): c h anges v 2 ~30% influenc es        ~1 00%s/ηηηη



Effects of highly viscous hadronic stage on  v 2

30-50%

I deal hy dro

- highly viscous hadronic stage:  changes v2 ~30-50%        influences        ~1 00-1 50%

- need viscous hydro +  hadron cascade hyb rid ap p roach 

T . H irano 

s/ηηηη



Extracting      from v2 data 
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- initial conditions:

s/ηηηη

- initial e cce ntr icity

- E oS :  (EO S  Q  vs . EO S  L )

- tr e atm e nt of h adronic stag e  and fr e e z e -ou t p roce du r e s: 

- v iscositie s &  r e lax ation tim e s:

- ch e m ical com p osition of H R G  

- v iscosity  of H R G   

- initializ ation for  sh e ar  and b u lk  p r e ssu r e    



Effects from softness of EOS

40%

Song & Heinz PRC 08

−  E O S  L :  K a tz  05  la ttic e  d a ta  for Q G P

SM -E O S Q  v s . E O S L  

− s oftnes s  of E O S:  ~ 5 -1 0% effec ts  on
s/ηηηηv2 ~ 25 % u nc erta inties  on

+  C E  E O S  for H R G  

in p r og r ess  ( w ith  Sh en

C h u n &  P a si H u ov inen):

3 0%

−  m ore rea lis tic  E O S for h y d ro

09 03  la ttic e  d a ta  for Q G P

+  P C E  E O S  for H R G  



Extracting      from v2 data 

����������	�
���	��
�	������������	�����������	�
���	��
�	������������	�����������	�
���	��
�	������������	�����������	�
���	��
�	������������	�

- initial conditions:

s/ηηηη

- initial e cce ntr icity

- E oS :  (EO S Q  vs  EO S L )

- tr e atm e nt of h adronic stag e  and fr e e z e -ou t p roce du r e s: 

- v iscositie s &  r e lax ation tim e s:

- ch e m ical com p osition of H R G  

- v iscosity  of H R G   

- initializ ation for  sh e ar  and b u lk  p r e ssu r e    

ΠΠΠΠττττζζζζττττηηηη ππππ ,,,



shear pressure: relaxation times & initialization

Song, Ph.D thesis

- v2 is in se n sitive  to  in itia liz a tio n s o f         a n d  re la x a tio n  tim e        !  
mn

ππππ
ππππ

ττττ

- w h e n  e x tra c tin g         : o n e  c a n  n e g le c t th e  u n c e rta in tie s fro m        &  in itia liz a tio n  o f   s/ηηηη
mn

ππππ
ππππ

ττττ

(sinc e       is short)
ππππ

ττττ



Extracting      from v2 data 
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- initial conditions:

s/ηηηη

- initial e cce ntr icity

- E oS :  (EO S Q  vs  EO S L )

- tr e atm e nt of h adronic stag e  and fr e e z e -ou t p roce du r e s: 

- ch e m ical com p osition of H R G  

- v iscosity  of H R G   

- e ffe cts from  b u lk  v iscosity  

- sh e ar  p r e ssu r e : r e lax ation tim e s and initializ ation



QGPH R G

bulk viscosity and relaxation time  

Bulk viscosity:  

R e la x a tion  tim e s:             a lso p e a ks n e a r T c, ζζζζττττ ~ΠΠΠΠ

th is  p la y s  a n  im p o r ta n t r o le  fo r  b u lk  v is co u s  d y n a m ics



QGPH R G

bulk viscosity and relaxation time  

Bulk viscosity:  

R e la x a tion  tim e s:             a lso p e a ks n e a r T c, ζζζζττττ ~ΠΠΠΠ

th is  p la y s  a n  im p o r ta n t r o le  fo r  b u lk  v is co u s  d y n a m ics

Z e r o  in itia liz a tio n :

larg e       near  T c p r e v e n t s       f r o m  g r o w in g  t o  la r g e  v a lu e s

00 ====ΠΠΠΠ

ΠΠΠΠττττ

s u p p r e s s e s  b u lk  v is c o u s  e f f e c t s  

ΠΠΠΠ



QGPH R G

bulk viscosity and relaxation time  

Bulk viscosity:  

R e la x a tion  tim e s:             a lso p e a ks n e a r T c, ζζζζττττ ~ΠΠΠΠ

N -S  in itia liz a tio n :                        )(0 u⋅⋅⋅⋅∂∂∂∂−−−−====ΠΠΠΠ ζζζζ

ΠΠΠΠ

s/ζζζζv is c o u s  h y d r o  b r e a k s  d o w n   (                )  for larg er    0<<<<ΠΠΠΠ++++p

v is c o u s  h y d r o  is  o n ly  v a lid   w it h  s m a ll                  s m a ll b u lk  v is c o u s  e f f e c t s  o n  v 2

larg e       near T c k e e p s  la r g e  n e g a t iv e  v a lu e  o f       in p h ase transition reg ion ΠΠΠΠττττ

th is  p la y s  a n  im p o r ta n t r o le  fo r  b u lk  v is co u s  d y n a m ics

s/ζζζζ



Uncertainties from bulk viscosity 
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ΠΠΠΠττττ

bulk viscosity influences v2 ~5%  (N -S  initia l.) < 4 %  (z ero initia l.) 

S on g  &  H e in z , 0 9 0 9

s/ηηηηuncerta inties to         ~2 0 % (N -S  initia l.) < 1 5%  (z ero initia l.)       



Extracting       from RHIC data 
--the current status of viscous hydrodynamics

s/ηηηη
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Extracting       from RHIC data 
--the current status of viscous hydrodynamics

s/ηηηη

Glauber C GC

L uz um &  R omatschk e, P R C  2 0 0 8
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Other observables that are sensitive to       : s/ηηηη

- v2/�: d ep end enc e on sy stem  siz e &  shear visc osity  

- p hoton sp ec tra- p hoton sp ec tra

- H B T  rad ii

…   …
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System size dependence of shear viscous effects
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- la rger s h ea r v is c ou s  s u p p res s ion of ellip tic  flow  in s m a ller s y s tem s
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Multiplicity scaling of v2/�
Song & Heinz PRC 08
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Multiplicity scaling of v2/�
Song & Heinz PRC 08

- to rep rod u c e th e ex p erim enta l d a ta  (s lop e), a  c ons ta nt          is  not enou gh ! 

- th e s lop e of th e m u ltip lic ity  s c a ling of v 2/� is  s ens itiv e to th e v a lu e of s h ea r v is c os ity    

- d a ta  ind ic a te:   s m a ller v is c ou s  effec ts  in Q G P;     la rger  v is c ou s  effec ts  in HRG             

s/ηηηη

- need  viscous hydro + hadron cascade h y b rid  a p p roa c h    or  inp u tting )(/ Tsηηηη



A short summary

BUT:
to extract QGP viscosity, one must consider (at least) all the following aspects: 

- a realistic E O S : E O S  L  vs. S M -E O S  Q,     PC E  vs. C E

- v2 is sensitive to

A  first attempt to constrain        from  R H IC  data indicates   

)41(5/ ππππηηηη ××××≤≤≤≤s

s/ηηηη

s/ηηηη

- a realistic E O S : E O S  L  vs. S M -E O S  Q,     PC E  vs. C E

- initial conditions: C GC  vs. Glaub er initializ ation,  optical vs. fluctuations  

- b ulk  viscosity: uncertainties from b ulk  viscosity

…  …            …  …

- hadronic stage :    viscous hydro+  hadron cascade 



Supplements

Ulrich Heinz Berkeley School 2010 37(42)



Late hadronic dissipation explains reduced v2

at forward rapidity and in peripheral collisions:

3D Hydro+Cascade Model: Ideal fluid dynamics for QGP above Tc, hadronic cascade with realistic

cross sections (JAM) below Tc

T. Hirano, U. Heinz, D. Kharzeev, R. Lacey, Y. Nara, PLB 636 (2006) 299
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[Glauber model initial conditions (8 5 % soft/ 1 5 % hard)]

• N ot en ou g h elliptic fl ow from perfect Q G P fl u id – som e h adron ic con tribu tion to v2 is

req u ired

• Treatin g th e h adron ic stag e as ideal fl u id overpredicts v2 in periph eral collision s an d

at forward rapidities

• Dissipation in h adron ic cascade brin g s th eory in lin e with data

• =⇒ N o n eed for Q G P v iscosity!? O n ly if you tru st G lau ber!

Ulrich Heinz Berkeley School 2010 38(42)



But: CGC gives larger initial eccentricity!

3D Hydro+Cascade Model: Ideal fluid dynamics for QGP above Tc, hadronic cascade with realistic

cross sections (JAM) below Tc

Hirano et al., PLB 636 (2006) 299
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Lap p i & Venu g op alan, PR C 7 4 (2006) 05 4 905
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• H adronic dissipation reduces elliptic flow buildup in peripheral collisions

• C olor Glass C ondensate (C GC -K L N ) model (McLerran & Venugopalan 1994; Kharzeev, Levin, Nardi 2001) produces steeper

edg e of initial distribution, resulting in larg er eccentricities ε than in Glauber model

• Ideal hydrodynamics turns larg er spatial eccentricity ε into larg er elliptic flow v2

• For Glauber model initial conditions, hadronic dissipation fully explains the data;

for C GC / K L N initial conditions hadronic dissipation not enoug h – need additional QGP viscosity!

=⇒ To isolate eff ects from early v iscosity, n eed better con trol ov er in itial con dition s!

U lrich H einz B erk eley S chool 2010 3 9(42)
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S. Pratt QM09

-To describe the experimental data, one need to consider the contribution from all 

kinds of aspects besides shear viscosity   



-Heinz, Moreland and Song 

E ffec ts  from  different initializations   
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